Recurrent and almost periodic transformations.
Notations. Let ƒ be a continuous mapping (not necessarily a homeomorphism) of a topological space X in itself (that is, f(X)QX). We say that ƒ is recurrent at a point #£X, or that x is recurrent under ƒ, if, given any neighbourhood U(x) of x, there exist infinitely many positive integers n for which f n (x)ÇE.U (x) . (This definition is equivalent to Gottschalk's if X is a T\ space.) Further, ƒ is almost periodic at x if, given any U(x), there exists an N(x, U(x))>0 such that for the (infinite) sequence {w t } of positive integers for which fm(x) G U(x) we have ni+x -niSN. THEOREM 
I. If a continuous mapping f of a topological space X in itself is either (a)
recurrent
THEOREM II. Let f be a homeomorphism of a connected topological space X on itself (J(X) -X). If a point x, recurrent under f, separates two other recurrent points in X, then f is periodic at
where A, B are mutually separated sets and A, B contain the recurrent points y f z respectively. Thus "A=A\J(x) y S = J5U(^), and the sets 1 and B are connected. If the theorem is false, then for every positive integer n we have f n (x)9 é x; from this we shall derive a contradiction.
We first show that a positive integer k exists such that : (1) p(A) meets "I andf k (B) meets B. For suppose not. Without loss of generality, we may assume that f(x) ÇzA. We assert that :
(2) f n (A) meets A, for every positive integer n.
For this is true when » = 1, since f(A)3f(x).
Suppose (2) is true when » = w. Then, since (1) is false,/ W (5)P\1 = 0, and
Thus (2) follows for w = m + l, and therefore holds for all n, by induction. Hence, since (1) is false, we have from (2) that f n (B)r\'B = 0 for every positive integer n. This contradicts the fact that ƒ is recurrent at ^G-B; and so (1) 
. Let yEA^f^Ai). Then p(x, f n (x)) ^p(xJ^(y))+p^Hy)J M+L -m (x))ûHAi) + à{f^(A 3^
(where 8(il) denotes the diameter of ^4) < 5 + e/2 < e. Q.E.D.
A homeomorphism ƒ of a metric space in itself is said to be regular if all its powers (positive or negative) are equi-uniformly continuous. Thus every isometry is regular; and conversely it is easy to see that if a regular homeomorphism ƒ maps the space on itself (as it must if the space is compact), then the space can be remetrized so that ƒ becomes an isometry. PROOF. Given e>0, we must show that arbitrarily large integers n exist such that, for all xÇ:X, p(f n (x), x)<c and p(f n *(x), x) <e. Now, from Theorem III, there exists a sequence {m f } such that f m '(x)->x uniformly. We shall first show that a sufficiently rapidly increasing subsequence {mi} of {m f } will satisfy (for all #£-X", and every pair of integers r, s with 0<r<s) both These results provide partial answers to the question, raised by Theorem I, as to what can be said about the sequence of integers n for which f n (x) is in a given neighbourhood of x f ƒ being recurrent at x. Thus, under the hypotheses of Theorem IV, this sequence contains infinitely many squares, and in fact infinitely many feth powers. Query: Will it (under "reasonable" hypotheses-for example, nonperiodicity) contain infinitely many primes? (For the special case in which X is the real line mod 1, and f(x)=x+a, where a is a fixed irrational number, the answer is affirmative, though the proof is difficult. 6 ) BIBLIOGRAPHY
